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An experimental method to determine the complete stress versus deformation relation for a thin adhesive layer loaded in
shear is presented. The method is based on a classic specimen geometry; the end-notch ﬂexure specimen. The experiments
are evaluated using an inverse method. First, the variation of the energy release rate with respect to the shear deformation at
the crack tip is measured during an experiment. Then the traction–deformation relation is derived using an inverse method.
The theory is based on the path-independence of the J-integral and considers the eﬀects of a ﬂexible adhesive layer.
Quasi-static experiments on three diﬀerent specimen geometries are performed using a servo-hydraulic testing machine.
The experiments give consistent results. This shows that the traction–deformation relation can be taken as independent of
the dimensions of the adherends. Thus, the constitutive relation can be considered as a property of the adhesive layer. The
deformation process at the crack tip is also monitored during the experiments by the use of a digital camera attached to a
microscope.
 2006 Elsevier Ltd. All rights reserved.
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Due to the ever-increasing demands for lightweight structures, the interest for adhesive joining is greater
than ever. This joining method provides superior ﬂexibility to join dissimilar materials. Thus, the designer
is free to chose the optimal material for each part of a structure. In this way the weight of a structure can
be reduced without deleterious eﬀects on the strength. Adhesive joining also provides additional advantages;
e.g. it provides vibration isolation and it gives virtually no shape distortion. This latter point is important for
the visible surfaces of consumer products. Adhesives also provide galvanic isolation which reduces the corro-
sion problem when mixing diﬀerent metals in a joint.
To exploit all of the advantages, the adhesive joint has to be designed properly. In the past diﬀerent engi-
neering methods have been developed for strength analysis (e.g. Adams and Wake, 1984). Particularly, the
method based on fracture mechanics is promising. In this method, the fracture energy, Jc, is considered as0020-7683/$ - see front matter  2006 Elsevier Ltd. All rights reserved.
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the adhesive, Jc, the crack is not considered to be able to propagate. For a critical load, the released energy
equals the fracture energy and the crack propagates. Implicit in the concept of fracture mechanics is the con-
cept of transferability, i.e. the fracture energy measured with one specimen should equal the fracture energy of
any structural component. However, to give an accurate prediction of crack propagation, the state of the
material at the crack tip has to be controlled by J. During loading, the material at the crack tip experiences
extreme deformation often leading to the development of microscopic cracks and extensive plasticity. Hence,
this part of the adhesive layer is denoted the process zone. For engineering adhesives, this zone usually extends
extensively at fracture. With t denoting the thickness of the adhesive layer, p the length of the process zone,
and H the height of the adherends, we often ﬁnd t < H < p. Particularly in the case of an adhesive layer bond-
ing slender adherends, the extension of the process zone at crack propagation is known to vary with the struc-
tural properties of the adherends; e.g. more ﬂexible adherends give shorter process zones. In the extreme, the
extension of the process zone may be of the same order of magnitude as the thickness of the adhesive layer. In
this case we may expect a fundamentally diﬀerent fracture process in the adhesive layer than in the case of a
long process zone. Experimentally, this would be manifested in a variation of the fracture energy Jc with the
stiﬀness of the adherends. This suggests that fracture mechanics is inadequate for adhesive joints. Contrary to
this deduction, numerous examples demonstrate the successful application of fracture mechanics. However,
some report that the fracture energy depends on the state of the adherends. Both Cavalli and Thouless
(2001) and Andersson and Biel (submitted for publication) conclude that the fracture energy changes when
the adherends deform plastically as compared to elastically deforming adherends. The reason might be that
a plastically deforming adherend gives a shorter process zone which in turn inﬂuences the fracture process,
thus, yielding a diﬀerence in the fracture energy. If this is the case, we would expect a condition for the appli-
cability of fracture mechanics to be formulated in terms of the smallest possible size of the process zone. More-
over, with a short process zone the limits of beam and shell theory become evident. O¨stlund and Nilsson
(1993) demonstrate these limits in an analysis of crack propagation in a double cantilever beam specimen with
a cohesive zone heading the crack tip. Crack propagation is analyzed both with beam theory and continuum
theory. To get a good estimate of the length of the process zone, the results presented indicate p/H J 5–10 as
a reasonable limit for the applicability of beam theory. However, if only the limit load should be predicted the
problem is much less sensitive to the details of the analysis and beam theory provides a good prediction irre-
spective of p/H. It should however be noted that the model studied by O¨stlund and Nilsson (1993) involves a
stress singularity at the leading edge of the cohesive zone. This singularity cannot be captured with beam the-
ory and might be a reason for the severe constraints indicated by their analysis.
An alternative method to fracture mechanics is advocated by e.g. Stigh (1988). With this method, the defor-
mation of the adhesive layer is assumed to be given by a constitutive law. An asymptotic analysis (Klarbring,
1991) shows that two deformation modes dominate the behaviour of the adhesive layer provided that the
adhesive is soft as compared to the adherends. These deformation modes are the elongation, w, and the shear
deformation, v, cf. Fig. 1. The conjugated stresses are r and s, respectively. For short, the out-of-plane defor-
mation is denoted peel deformation in the sequel. A constitutive law for the adhesive layer should thus be for-
mulated in terms of w, v, r and s. Andersson and Stigh (2004) denote a theory based on these variables the
adhesive layer theory. This approach can obviously be viewed as overly simpliﬁed considering the much more
complex state of deformation in an adhesive layer, cf. Salomonsson and Andersson (submitted for publica-Fig. 1. Adhesive joint and basic deformation modes of an adhesive layer with thickness t. Conjugated stress and deformation measures are
(w,r) for peel and (v,s) for shear.
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neering use. Especially the in-plane constraint of the deformation leads to large hydrostatic stresses in the
adhesive layer when it is loaded in peel. This constraint is much less severe at the free boundaries of the adhe-
sive; the extension of the inﬂuenced region is about one or two layer thicknesses into the layer. However, for
tough engineering adhesives, the process zone extends extensively into the adhesive layer, i.e. p t (cf. e.g.
Andersson and Stigh, 2004). Thus, the fracture properties of the adhesive layer are not expected to be deter-
mined by the precise details of the state at the crack tip.
A constitutive law includes a critical deformation beyond which no stress is transmitted between the adh-
erends. The interpretation is that a crack is predicted to propagate in the adhesive layer when the relative dis-
placement of the adherends exceeds a critical level given by the constitutive law. Thus, the fracture analysis is
integrated with the stress analysis and no separate fracture criterion is necessary. In Andersson and Stigh
(2004) such traction–deformation relations are determined for pure peel deformation. As utilized in that
paper, the energy release rate and the fracture energy are closely related to the constitutive law. This is shown
by use of the path independent J-integral (Rice, 1968),J ¼
Z
C
U dy  T  ou
ox
dC
 
: ð1ÞHere, C is any counter-clockwise path surrounding the crack tip, U is the strain energy density of the material,
T is the traction vector, and u is the deformation ﬁeld. It should be noted that J = 0 if C is taken as a closed
path and no singularities exist inside C, cf. Eshelby (1951). In order for Eq. (1) to give a correct value of the
energy release rate, the material within C has to be materially homogeneous in the x-direction and the path
should start on the lower side of the ‘crack’ surface and end on the upper surface, cf. Fig. 1. If this is the case,
C can be shrunk to a straight line in the y-direction at the crack tip. Since the crack tip has a free surface,
T = 0, and Eq. (1) givesJ ¼
Z
t
U dy; ð2Þwhere we can identify the right hand side as the strain energy per unit area of the adhesive layer. This energy
equals the work per unit area performed by the traction when the layer is loaded, i.e.J ¼
Z w
0
rd~wþ
Z v
0
sd~v: ð3ÞHere we have considered the constraints imposed by the stiﬀ adherends. Thus, J is simply the area under the
traction–deformation relation. This equation provides a direct connection of the local state at the crack tip
and the energy release rate of the structure and the loading system. It also provides a well-deﬁned split of
the total energy release rate in peel and shear components, viz.,J I 
Z w
0
rd~w and J II 
Z v
0
sd~v: ð4ÞWith a constitutive law formulated such that the stress is zero beyond a limiting deformation, the fracture en-
ergy associated with a constitutive law can be calculated from Eq. (3). The result isJ c ¼
Z 1
0
rd~wþ
Z 1
0
sd~v ¼
Z 1
0
rðt0Þ ow
ot0
dt0 þ
Z 1
0
sðt0Þ ov
ot0
dt0 ð5Þfor a deformation history, v(t 0) and w(t 0) from t 0 = 0 to the time of fracture. Thus, the fracture energy is simply
the total area under the traction–deformation relation.
In a similar fashion to Eq. (4), the fracture energies of modus I and II are given byJ Ic 
Z 1
0
rd~w and J IIc 
Z 1
0
sd~v; ð6Þfor the deformation histories, v(t 0)  0 and w(t 0) increasing for JIc and v(t 0) increasing and w(t 0)  0 for JIIc,
respectively. It should here be stressed that this deﬁnition is based on a prescribed state of deformation.
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Fig. 2. The end-notch ﬂexure specimen (ENF). The out-of-plane width of the specimen is denoted W.
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Fig. 3. Schematic of shear deformation measurement. The shear deformation is exaggerated.
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relates the loading capacity to the fracture energy. However, there are two substantial diﬀerences between
the two approaches. Firstly, the adhesive layer theory provides an integrated strength and stress analysis; with
fracture mechanics, a special analysis has to be performed to evaluate J. Secondly, it is only for the loading cases
where the size of the process zone is un-aﬀected by crack propagation that the maximum load is obtained when
J = Jc. With elastic adherends, the process zone extends with increasing load. At the maximum load, the process
zone has usually not reached its critical length and J < Jc. With continued loading, the applied force decreases
and the length of the process zone grows until a crack starts to propagate. During crack propagation, the process
zone usually decreases in size, cf. Stigh (1988). Thus, the maximum load is not given by the condition J = Jc.
The present work is focused on determining the shear characteristics of an adhesive layer. In this way it
complements examinations by Andersson and Stigh (2004) and Andersson and Biel (submitted for publica-
tion) where the properties in peel are determined. In the present work, the end-notch ﬂexure specimen
(ENF) is used, cf. Fig. 2. This is a test geometry which provides a fairly standardized and simple load appli-
cation. With a correct design of the specimen, it is also possible to achieve stable crack propagation, cf. Carls-
son et al. (1986). Using Euler–Bernoulli beam theory, Alfredsson (2004) derive an equation for the energy
release rate for the ENF-specimen. In the present paper, we will ﬁrst re-derive this relation using the property
of the path-independence of the J-integral. Apart from giving an alternative derivation, the present derivation
indicates some of the potential errors inherent in the use of beam theory. Before scrutinizing these, we will give
some guidelines on the design of the specimen. In order to examine the applicability of the adhesive layer the-
ory, diﬀerent test dimensions are examined. These give diﬀerences in the length of the process zone at fracture.
If the evaluated s(v)-relation is independent of the specimen geometry it will validate the assumptions behind
the adhesive layer theory. We will also study the eﬀects of the loading rate. Two diﬀerent procedures are used
to control the experiments: a constant rate of load-point displacement, _D, and a constant rate of shear defor-
mation at the crack tip, _v0, cf. Figs. 2 and 3.
2. Theory
The objective of this work is to ﬁnd the complete traction–deformation relation, s(v), for a thin adhesive
layer loaded in monotonically increasing shear. This is achieved by using an inverse method whereby the
Fig. 4. The closed path A, B, C, D. Paths A and C are taken in the adherends just at the interface. Path B is taken through the adhesive at
its left boundary. Path D is taken through the adhesive just to the left of the loading point.
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normal stress ry appears in the adhesive layer for the ENF-specimen except at the loading point. With
ry = r = 0, Eq. (3) givesFig. 5.
specimJðvÞ ¼
Z v
0
sð~vÞd~v: ð7ÞWith the J(v)-relation measured in the experiment, diﬀerentiation of Eq. (7) givessðvÞ ¼ dJðvÞ
dv
; ð8Þwhich is the desired relation. Thus, J needs to be determined. To this end, consider the closed path A, B, C and
D in Fig. 4. Denote the contributions to the integral JA, JB, JC and JD, respectively. Thus,JA þ JB þ JC þ JD ¼ 0; ð9Þ
since no singularity exists inside the closed path. Each term of this equation will now be evaluated by use of
Eq. (1). The equation gives for the paths B and DJB ¼ J and JD ¼
Z
t
Uðb; yÞdy 
Z
t
sxy
ouy
ox

x¼b;y
dy; ð10Þwhere the negative sign in the ﬁrst expression is due to the diﬀerent directions of integration in the expressions
for JB and J; U(b,y) is the strain energy density in the adhesive layer below the applied force. If the distance
between the crack tip and the loading point, b, is long enough, the adhesive can be assumed to be in a state of
linear elasticity at the loading point, x = b. The shear stress, sxy, at this point is then constant through the
thickness of the layer. Thus, s(b) = sxy can be taken as a constant. Moreover, h  ouy/ox is the rotation
of the loading point. With these notations, JD is given byJD ¼ UðbÞt þ sðbÞhðbÞt: ð11Þ
Due to the horizontal integration paths for JA and JC, only the second term of Eq. (1) contributes. With u
l and
uu denoting the horizontal displacements of the lower and upper interface, respectively, and with ux ¼ duu=dxShear deformation of the adhesive layer and the relative displacement of the adherends. It should be noted that the rotation of the
en is considered small, cf. Fig. 3.
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ation of the appropriate terms in Eq. (1) yieldsJA ¼
Z b
0
suxdx and JC ¼ 
Z b
0
slx dx; ð12Þwhere the contribution from the normal compressive stress, ry, is neglected. This stress component is substan-
tial at the loading point but the contribution to Eq. (12) is very small since the extension of the stressed region
is very small. The eﬀects of this term are negligible, cf. Leﬄer (2005). Eqs. (12) yieldJA þ JC ¼
Z b
0
s
d
dx
ðuu  ulÞdx ¼ 
Z b
0
sv0 dx: ð13ÞAs evident from Fig. 5, the term in the parenthesis is the shear deformation v of the adhesive layer; hence the
last equality in Eq. (13). Here ( ) 0 denotes diﬀerentiation with respect to x. We will now make use of a result
from Alfredsson (2004). Based on Euler–Bernoulli beam theory, the shear stress in the adhesive layer between
the crack tip and the loading point is given by Eq. (13a) in Alfredsson (2004), viz.,s ¼ EH
8
v00 þ 3
8
P
WH
; ð14Þwhere E is Young’s modulus, W the width and H the height of the adherends, respectively. Inserting in Eq.
(13) givesJA þ JC ¼ EH
8
Z b
0
v00v0 dx 3
8
P
WH
Z b
0
v0 dx; ð15Þwhich leaves the integrals in a form that can be evaluated directly, i.e.JA þ JC ¼ EH
16
½v0ðbÞ2  v0ð0Þ2  3
8
P
WH
½vðbÞ  vð0Þ: ð16ÞAccording to Eq. (15a) of Alfredsson (2004), the boundary condition for v 0 at x = 0 readsv0ð0Þ ¼  3Pa
EH 2W
: ð17ÞNow, collecting all terms in Eq. (9) yieldsJ ¼ 9
16
P 2a2
EW 2H 3
þ 3
8
P
WH
½vð0Þ  vðbÞ  EH
16
v0ðbÞ2 þ UðbÞt þ sðbÞhðbÞt: ð18ÞHere, the ﬁrst term is recognized as the conventional expression for J of the ENF-specimen, cf. e.g. Carlsson
et al. (1986). The four remaining terms in Eq. (18) gives the inﬂuence of a ﬂexible adhesive layer and the eﬀect
of transversal forces acting on the specimen. As shown by Alfredsson (2004), the inﬂuence of the ﬂexibility is
often substantial; in the present case it contributes with about 25% of the total energy release rate. Apart from
the last term, Eq. (18) coincides with an expression derived by Alfredsson (2004); the last term does not emerge
in that paper. The term originates from the integration path D at the loading point, cf. Eq. (11). With a sym-
metric specimen, i.e. a specimen with two cracks, h = s = 0 at the loading point and the last term vanishes.
As shown by Alfredsson (2004) and Leﬄer (2005), many of the terms in Eq. (18) can safely be neglected.
With a large distance, b, between the crack tip and the loading point, the shear deformation under the load
v(b) is much smaller than v(0) and the second term in the bracket can be neglected. By the same argument,
the strain energy under the loading point can be neglected in comparison with the strain energy at the crack
tip. Thus, the fourth term in Eq. (18) can be neglected. Moreover, with a large b, the term containing v 0(b)
contributes with about 0.1% and is here neglected. Leﬄer (2005) makes a careful analysis of the contributions
of the diﬀerent terms that are neglected and approximated. She also shows that the last term in Eq. (18) can be
neglected. Thus, the ﬁnal expression for J is given byJ  9
16
P 2a2
EW 2H 3
þ 3
8
Pv0
WH
 J ad; ð19Þ
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the adhesive layer at the crack tip have to be measured continuously during an experiment. As mentioned ear-
lier, the second term in Eq. (19) often gives a substantial contribution to the fracture energy. The longer the
specimen, the smaller the contribution from this term. This can be understood by considering the conditions at
the onset of fracture. At this point the shear deformation equals the critical value, i.e. v0 = vc. With a larger
crack length, a, the critical force, P, decreases. Thus, according to Eq. (19), the size of the second term ap-
proaches zero as the specimen length is increased to inﬁnity.
The formula in Eq. (19) for the energy release rate is valid not only prior to fracture, but also during crack
growth. The coordinate system used in the derivation of Eq. (18) indicates that, during crack growth, v(0)
should be measured at the instantaneous position of the crack tip. As shown by Alfredsson (2004), Eq.
(19) still applies using the original crack length and the shear deformation at this point. This facilitates the
measurement of Jc as a function of crack advance. A study of crack propagation is, however, not the purpose
of the present paper.
In the next section the design and preparation of the specimens will be described.3. Specimen design and preparation
Alfredsson et al. (2003) give some preliminary results for the present adhesive, DOW Betamate XW1044-3.
This is an engineering epoxy adhesive consisting of an epoxy matrix with about 25% ﬁlling in the form of clus-
ters of grains of a mineral; the epoxy matrix is blended with a thermoplastic, cf. Fig. 6 and Salomonsson and
Andersson (submitted for publication). The layer thickness is nominally t = 0.2 mm which is considered as a
typical layer thickness in the automotive industry. However, the thickness is measured individually for each
specimen. In the design of the present specimens, we use the fracture energy in shear reported by Alfredsson
et al. (2003), i.e. Jc = 3.4 kJ/m
2.
The conditions for the validity of Eq. (19) described above have to be considered in the design of the spec-
imens. These conditions are: (i) the adherends have to deform elastically, (ii) the strain energy in the adhesive
below the loading point has to be negligible, i.e. v(b) v(0), and (iii) the deﬂection of the specimen has to be
small compared to the height of the specimen in order for the geometrically linearized beam theory to be valid,
i.e. D < H. Moreover, the specimen has to be stable until the crack starts to propagate, (iv).Fig. 6. SEM image of the present adhesive. The adhesive layer is 0.2 mm thick. The dark matrix consists of epoxy blended with a
thermoplastic. The gray needle shaped areas consists of clusters of mineral particles (Salomonsson and Andersson, submitted for
publication).
Table 1
Specimen dimensions (nominal values)
Specimen L (m) a (m) H (mm) W (mm)
A 1.00 0.20 32 32
B, N–O 1.00 0.35 32 32
C–D, K–M 1.00 0.35 25 32
E–J 1.00 0.35 16 32
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sive, Carlsson et al. (1986) show that the ENF-specimen is stable if aP 0.35L. A more detailed analysis by
Alfredsson (2004), accounting for the ﬂexibility of the adhesive layer, shows that this condition overestimates
the critical crack length with about ten percent for the present adhesive. In order to obtain a small specimen,
still having a margin to instability, a = 0.35L is used in the present work.
The method described by Leﬄer (2005) is used for the ﬁnal design of the specimens. To this end, a saw-
tooth shaped s(v)-relation is used. The parameters of the s(v)-relation are adapted to give the fracture energy,
maximum stress and initial stiﬀness corresponding to the experimental results reported by Alfredsson et al.
(2003). The adherends are made of tool steel (Rigor Uddeholm) with a yield strength rY J 500 MPa.
Young’s modulus, E, enters Eq. (19) and it is important to use a good estimate. To this end, three-point bend-
ing experiments are used to measure E. Three diﬀerent specimens are used with the heights H = 16, 25 and
32 mm. All specimens have the width and lengthW = 32 mm and L = 1.00 m, respectively. About 10 diﬀerent
load levels are tested for each specimen. The average value is E = 216 GPa.
In the design of the specimens we aim at a large variation of the length of the process zone. The ﬁnal dimen-
sions are given in Table 1. Here, the results for specimens A–D are given for comparison. These results have
been reported earlier by Alfredsson et al. (2003).
Before the adhesive is applied, the bonding surfaces are ﬁrst cleaned with n-heptane. Afterwards, the spec-
imens are rinsed in acetone. In order to achieve the correct layer thickness, two 0.2 mm steel wires are adhe-
sively bonded to one of the adherends before the adhesive is applied. According to simulations, the process
zone ends less than 100 mm from the crack tip. Hence, the steel wires start 100 mm from the crack tip in order
to minimize interaction with the process zone. Moreover, the steel wires occupy only about 1% of the cross
sectional area of the adhesive layer. Along the initial crack, from the left end of the specimen to the crack
tip, a Teﬂon-ﬁlm with a thickness of just over 0.2 mm is positioned. This ensures the same thickness of the
adhesive layer in all experiments. Moreover, it minimizes the friction between the adherends during the exper-
iments. Curing is done according to the manufactures instructions. After curing, the specimens are left in the
oven to slowly cool to room temperature, thus, minimizing residual stresses in the adhesive layer.
4. Test procedure and experimental setup
The experiments are performed using a servo-hydraulic testing machine. The force, P, is measured with a
load cell located between the actuator and the hydraulic grip. The displacement, D, is measured with a linear
voltage diﬀerential transformer (LVDT) positioned under the loading point. For the experimental setup, cf.
Fig. 7.
The shear deformation at the start of the adhesive layer, v0, is measured using an extensometer attached to
two plates. These are ﬁxed on each adherend on one side of the specimen. The extensometer is attached
7.5 mm above/below the crack tip, cf. Fig. 3. As shown in the ﬁgure the extensometer measures the shear
deformation.
The crack tip region is ﬁlmed during experiments H–O using a CCD-camera attached to a microscope. In
experiments A–D, cf. Table 1, the displacement of the loading point is increased with a constant velocity
_D ¼ 1 mm=min. This leads to a considerably varying shear deformation rate during the experiment, from
about _v0 ¼ 0:1 lm=s at the start of the experiment to about _v0 ¼ 10 lm=s at fracture, cf. Fig. 8. In the other
experiments, E–O, the velocity of the loading point, _D, is gradually decreased to obtain a constant rate of shear
deformation at the crack tip, i.e. _v0 ¼ 1 lm=s.
Fig. 7. The experimental setup. The crack is at the right part of the specimen. The actuator is positioned above the specimen (not visible in
this picture).
Fig. 8. Graph showing the variation in shear deformation rate with _D ¼ 1 mm=min (experiment C).
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5.1. Evaluation of the experiments
With an experimentally measured P(v0)-history, Eq. (19) gives the Jad(v0)-curve for the experiment. From
this relation, s(v0) is obtained by diﬀerentiation, cf. Eq. (8). This diﬀerentiation of experimental data (Jad(v0))
might lead to substantial scatter. In order to minimize the scatter, the Jad(v0)-curve is ﬁrst approximated with a
Prony-series with ten terms. This series has proven well suited to describe the Jad(v0)-relation, cf. Alfredsson
et al. (2003).
A least square ﬁtting procedure is used to determine the parameters of the series. As discussed below, it is
virtually impossible to identify from the videos when the crack starts to propagate. Therefore, it is assumed
that the crack propagation starts at the maximum value of the energy release rate. In most cases, this gives
a well-deﬁned value of Jc. The critical shear deformation vc is taken at the same point, cf. Fig. 9. Note that
we keep the notation v0, i.e. v at the crack tip, although the same relation s(v) is assumed to hold for all x.
Only the part of the J(v0)-curve up to the point vc is considered in the evaluation, i.e. up to the moment
when the crack is considered to start to propagate. As shown in Fig. 9, this is not at the point of the maximum
force, P. Thus, P is decreasing just before the crack starts to propagate. This result appears to be general; the
crack starts to propagate after the force has reached its maximum value.
Mild constraints are introduced in the least square approximation of Jad(v0) in order for the s(v0)-curve to
follow a likely behaviour, cf. Leﬄer (2005). After the least square ﬁtting procedure, the series is diﬀerentiated.
Fig. 9. Left: Force vs. shear deformation at the crack tip. Right: Energy release rate vs. shear deformation at the crack tip. At J = Jc, the
crack is assumed to propagate. At this moment, the force is decreasing, (left part of the ﬁgure). Data from experiment J.
Fig. 10. Characteristic parameters of the constitutive relation: the maximum shear stress, smax, the fracture energy, Jc, and the critical
shear deformation, vc. All parameters are evaluated from the experiments. The initial elastic stiﬀness of the layer is k = Ga/t, where Ga is
the shear modulus of the adhesive.
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values of smax and Jc varies less than 1% as compared to the curves with the constraints.
The parameters that are evaluated from the experiments are the maximum shear stress, smax, the fracture
energy, Jc, and the critical shear deformation, vc. These parameters characterize the constitutive relation
shown in Fig. 10.
5.2. Experimental results
Experiments have been performed at four diﬀerent occasions. Three diﬀerent batches of the adhesive are
used in experiments A–D, E–F and H–O, respectively. In experiments A–D the displacement rate of the load-
ing point _D is constant and in experiments E–O the shear deformation rate _v0 is constant. In Fig. 11 the s–v0-
curves from all experiments are presented.
The s–v0-curve consists of three distinct parts. The curve starts with an essentially linearly increasing part.
This corresponds to a linear elastic response of the adhesive layer. At about v0  0.01 mm, the curve starts to
soften and at about 0.025 mm, a plateau is reached at s  25 MPa. The stress-plateau ends at about
v0  0.08 mm. After this point, the stress decreases almost linearly to zero stress at about v0 = vc  0.15 mm.
Good repeatability is achieved in the experiments but some deviation is observed. The repeated experiments
using the same batch of adhesive and the same geometry show excellent agreement with the exception of
experiment O with H = 32 mm, cf. Fig. 11e. No speciﬁc diﬀerence between the fracture surface of this exper-
iment and the others is observed.
In Fig. 11f, a comparison is made between the results from the diﬀerent geometries and batches. In this
comparison, the result from experiment D corresponds to a diﬀerent loading rate than the rest. Excluding this
experiment from Fig. 11f shows that no signiﬁcant diﬀerence due to the specimen geometry and batches can be
observed. Thus, the s(v0)-relation appears to be a constitutive property of the adhesive layer independent of
the variations in the geometry of the adherends. However, there is a signiﬁcant diﬀerence between the results
from the experiments with a prescribed displacement rate (A–D) as compared to the experiments with a pre-
scribed shear deformation rate. Thus, the adhesive is rate dependent. This diﬀerence is mainly manifested by
an elongation of the stress-plateau which leads to a larger fracture energy.
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Fig. 11. Shear stress vs. shear deformation curves for the 15 ENF-experiments. (a): four experiments performed under constant
displacement rate, _D ¼ const. (b)–(e) experiments with a constant shear deformation rate, _v0 ¼ const. (b) beam height 16 mm. (c), (d), and
(e) beam heights 16, 25 and 32 mm, respectively. (f) comparison of the results from diﬀerent geometries and loading systems.
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crack length which gives unstable crack growth, cf. Alfredsson et al. (2003). Hence, the value of vc is uncertain
for this experiment.Table 2
Results from all experiments divided into four groups, A, B–D, E–G and H–O. Three diﬀerent batches of the adhesive are used (Ba. = a, b,
c). Experiments A–D are performed with a constant deﬂection rate ð _D ¼ 1 mm=minÞ. The other experiments are performed with a
constant shear deformation rate ð _v0 ¼ 1 lm=sÞ
Con. Ba. Group H (mm) Exp. vc (mm) smax (MPa) Jc (kJ/m
2) t (lm)
_D a I 32 A >0.15a 28.6 3.40 200
II B 0.17 29.5 3.13 210
25 C 0.19 25.7 3.04 270
D 0.18 26.7 3.16 220
_v0 b III 16 E 0.19 21.9 2.21 190
F 0.19 22.5 2.16 190
G 0.20 22.7 2.46 210
c IV 16 H 0.13 25.1 2.18 220
I 0.17 23.7 2.36 235
J 0.17 25.9 2.24 230
K 0.13 26.1 2.28 210
L 0.15 25.5 2.25 215
M 0.16 25.7 2.42 200
32 N 0.14 25.5 2.10 200
O 0.13 34.8 2.27 205
a Unstable crack propagation.
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Fig. 12. Left: Fracture energy vs. height of adherend. A larger fracture energy is measured with a prescribed deﬂection of the loading point
(ﬁlled circles) than with a prescribed shear deformation (ﬁlled triangles). Right: Maximum shear stress vs. height of adherend.
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four experiments with a prescribed displacement rate ð _DÞ have substantially larger fracture energies than the
rest of the experiments. Similar results have been given by Sørensen (2002) and Sørensen and Jacobsen (2003)
for adhesive layers loaded in peel. They show that the fracture energy depends on the loading rate. A higher
loading rate results in a larger fracture energy which is consistent with the present results. However, Sørensen
(2002) and Sørensen and Jacobsen (2003) use the elastomer polyurethane which is expected to be more viscous
than the thermoset epoxy used here. No signiﬁcant batch to batch variation can be detected from the results in
Table 2. The right part of Fig. 12 indicates that the shear strength (smax) increases slightly with H. However,
the variation is very small. It is interesting to note that the shear strength of the experiments with a constant _D
are equal to those of the rest of the experiments. Thus, smax is less sensitive to the loading rate than Jc.
5.3. Fracture process
In order to study the deformation process of the adhesive, the crack tip region is video recorded during the
loading process, cf. Fig. 7. Obviously, it is only possible to study the outer surface of the specimen during the
experiment. The video recording can however be compared to the fracture surface after the test is completed.
In this way it is possible to deduce if the experiment shows deviating behaviour at the observed surface. In
most cases, the fracture process appears similar through the thickness W of the specimen. The deformation
process in experiment L is analyzed below. This experiment appears typical.
The ﬁrst signs of microscopic cracks are observed some distance from the crack tip. A little later, a number
of slanted microscopic cracks are visible. At the same time, the adherends are observed to move vertically
apart, cf. Fig. 13. Thus, the adhesive layer is deformed in mixed mode (w > 0) although the layer is loaded
in almost pure shear (jryj  0).
Contrary to the results of Chai (1988) and others, the micro-cracks do not appear to open in the direction
of the maximum normal stress in the layer, i.e. 45. It is tempting to assume that this is a result of an additionalFig. 13. Deformation process of the adhesive layer during experiment L. Images (a), (b) (c) and (d) are in consecutive order. The Teﬂon
insert at the right end in each image is 0.2 mm thick. The separation w in image (d) is substantial. The adhesive layer is observed at the free
surface of the specimen. Due to a minute grading of the adherends, the layer appears thicker than the teﬂon insert.
Fig. 14. Schematic of the vertical loads acting on the adherends of the ENF-specimen. Left: Idealized load distribution giving an anti-
symmetric load distribution and a pure shear deformation of the adhesive layer. Right: A sketch of a more accurate load distribution. The
external force is distributed on the lower adherend through a stress distribution with some extension in the horizontal direction. The
expansion of the adhesive layer leads to additional vertical loads acting at the crack tip. These peel stresses are consistent with the loss of
anti-symmetry.
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the normal stress is virtually zero at the crack tip, cf. Leﬄer (2005). Moreover, ry < 0 rotates the axis of
the maximum tensile stress counter-clockwise and would lead to steeper micro-cracks. Another possibility
is residual stresses in the adhesive layer. With a larger coeﬃcient of thermal expansion for the adhesive than
the adherend, this would lead to rx > 0 which also leads to steeper micro-cracks. Thus, none of these mech-
anisms can explain the present observation, cf. Leﬄer (2005). It should however be noted that the smallest
crack visible with the present magniﬁcation is about 20–40 lm and it is not possible to observe the ﬁrst phase
of crack initiation and the direction of the minute initial cracks. It is tempting to try to analyze the fracture
surface to study the angles of the initial cracks. However, as shown in Fig. 13, the ﬁnal stage of the fracture
process results in severe rotations of the remaining ligaments. Thus, the fracture surface contains crack faces
which have rotated to steeper angles. These steeper angles are not the result of the crack initiation process but
of the ﬁnal stage of the fracture process.
Late in the deformation process, the micro-cracks start to coalesce. This appears to be done through a shear
layer between neighbouring crack tips. Later, most micro-cracks have coalesced. However, some ligaments are
still visible between the crack faces. Thus, the video recording does not provide a possibility to unambiguously
identify the moment of initiation of crack propagation.
Bulk tests performed with the adhesive give a yield stress of about 20 MPa. Using a plasticity criterion, a
yield stress in shear of about 12 MPa (von Mises) to 10 MPa (Tresca) is expected. At this level of stress non-
linear behaviour is initiated also in the thin layer tests, cf. Fig. 11. This leads to the conclusion that the initi-
ation of non-linear behaviour is due to plastic deformation of the adhesive layer. After initiation of non-linear
behaviour, s increases through strain-hardening, and reaches the stress plateau at about 25 MPa. After sub-
stantial straining, the micro-cracks appear and grow. This leads to a reduced stress bearing area and s rapidly
decreases. The ﬁnal fracturing is associated with the coalescence of the micro-cracks by shear bands between
the heads and tails of neighbouring micro-cracks.
In all experiments, the adhesive layer experiences some peel deformation, i.e. the adherends move apart in
the vertical direction (w > 0). The videos indicate that this process starts simultaneously as the ﬁrst micro-
cracks become visible. Fig. 13 shows the expansion in the later stages of deformation. The expansion of the
adhesive layer is necessary in order to accommodate for the micro-cracks. These cracks open and occupy some
volume. Thus, the volume of the adhesive layer increases and the volume-preserving shear deformation has to
be complemented by a volume-increasing peel deformation when the micro-cracks appear. This expansion is
to some extent suppressed by the bending stiﬀness of the adherends; the mechanism is visualized in Fig. 14.
This bending stiﬀness varies by a factor of eight between the experiments due to the diﬀerent heights of the
specimens. Since the s(v0)-curves are almost independent of the height of the specimen, we can conclude that
the inﬂuence of this constraint is small for the specimens considered. It is however apparent that the shear
behaviour is not determined with the constraint w = 0 as discussed in connection to Eq. (6). It is also apparent
that the ’correct’ constraint will be very diﬃcult to achieve experimentally.
5.4. Length of the process zone
Eq. (19) is based on some approximations as described in Section 2. One of these assumptions is that the
distance b between the crack tip and the loading point is large enough to justify the assumption that the strain
Fig. 15. The length of the process zone is evaluated from the stress distribution along the adhesive layer. Finite element simulations are
used to determine the shear stress distribution along the adhesive layer for each specimen by inserting the constitutive relations from the
experiments. Data from experiment J.
Fig. 16. The length of the process zone, p, for diﬀerent heights, H, of the specimen.
K. Leﬄer et al. / International Journal of Solids and Structures 44 (2007) 530–545 543energy in the adhesive layer below the loading point can be neglected. Thus, by studying the length of the pro-
cess zone, p, it can be determined if b is large enough.
The process zone is here deﬁned as the part of the adhesive layer in front of the crack tip where the adhesive
softens, i.e. where v0 is larger than about 0.02 mm, cf. Fig. 11. The length of the process zone at the moment of
crack propagation, p, is determined by studying the shear stress distribution along the ENF-specimen as deter-
mined from ﬁnite element simulations, cf. Fig. 15 and Leﬄer (2005). In each simulation, the constitutive rela-
tion from experiment J is used.
In Fig. 16, p is given as a function of H for all geometries. As expected, the results show a tendency that
stiﬀer adherends give longer process zones. The length of the process zone is always less than 80 mm, this is
more than 200 times longer than the thickness of the adhesive layer. Thus, the assumptions of small scale
yielding is clearly not valid in the present loading case.
The length of the process zone should also be compared to b = 150 mm. Thus, for all specimens, p is substan-
tially shorter than the distance between the loading point and the crack tip, b. Moreover, the shear stress at the
loading point is virtually zero, cf. Fig. 15. These results validate the simpliﬁcations of Eq. (18) leading to Eq. (19).
6. Discussion and conclusions
In the past, diﬀerent methods have been developed to extract the mechanical properties of adhesives. The
apparently straight forward methods to use a Napkin-Ring test or a Thick-Adherend lap joint specimen might
seem superior to the inverse method advocated in this paper. Both methods are however impaired with impor-
544 K. Leﬄer et al. / International Journal of Solids and Structures 44 (2007) 530–545tant shortcomings. With the Napkin-Ring test, it is possible to measure the traction–deformation relation up to
the maximum stress. After that point, most experiments show unstable behaviour and the descending part of the
traction–deformation relation is only marginally captured. This descending part often corresponds to a substan-
tial part of the fracture energy of an adhesive layer; for the present adhesive layer it corresponds to more than
half of the total fracture energy. Thus, even if the Napkin-Ring test appears to give an unambiguous character-
ization of the material response, the results of such a test can provide overly conservative estimates of the
strength of an adhesive joint. The alternative ‘‘direct’’ method, based on the Thick-Adherend lap joint specimen
also suﬀers important shortcomings. Even with thick and stiﬀ adherends, there will be a gradient along the adhe-
sive layer. In order to decrease the inﬂuence of this gradient allowing for a simple averaging for the evaluation of
the acting stress, a relatively short layer is usually chosen. With a short layer, the inﬂuences of the free edges can
be substantial, cf. e.g. Ho¨gberg (2004). It would however be interesting to do a comparative experimental study
of the results using a Thick-Adherend test specimen and the present method. Alternative inverse methods have
been developed by e.g. Olsson and Stigh (1989) and more recently by Andersson and Stigh (2004), Sørensen
(2002) and Yang et al. (2001). The ﬁrst three examples and the present one allow for the deduction of the full
traction–deformation relation. Essentially, the experiments are evaluated before the crack starts to propagate.
This might appear to be a serious problem since materials often show an increasing toughness with crack prop-
agation. However, thesemethods provide unambiguousmeasurements of the fracture energy during crack prop-
agation although the traction–deformation relation cannot be derived for the propagating crack. The
alternative method developed by Thouless and co-workers is based on a parameter-identiﬁcation-scheme. This
method is based on a parameterized traction–deformation law and a comparison between experimental results
and simulated results; the parameters are optimized to get an as good as possible correspondence.
Strength analysis of adhesively joined structures based on the adhesive layer theory requires that the micro-
scopic variations of the stress and strain ﬁelds within the adhesive layer have a negligible inﬂuence on the
mechanical properties of the adhesive layer. If this is not the case, the precise geometrical details of the ter-
mination of the adhesive layer (denoted the crack tip) will have a decisive inﬂuence of the strength of an adhe-
sive joint. In other words, the adhesive would be notch sensitive. On the contrary, the present adhesive (DOW
Betamate XW1044–3) appears to be insensitive to the details at the termination of the adhesive layer; the
micro-cracks that controls the fracture process nucleate some distance from the crack tip. It is reasonable
to assume that adhesives have to be notch-insensitive to be useful in engineering applications. Thus, the con-
clusions of this paper appears to be valid for other engineering adhesives.
The experimental method described in this paper enables the evaluation of the complete traction–deforma-
tion relations for thin adhesive layers loaded in shear. The method is based on an inverse analysis. Experiments
on three diﬀerent geometries are performed. It is shown that the traction–deformation relation has a minor
dependence on the dimensions of the adherends. Thus, the constitutive relation can be considered as a property
of the adhesive layer. Two diﬀerent experimental conditions are used; one with constant rate of displacement of
the loading point and one with constant shear deformation rate. For the experiments with a constant deﬂection
rate, the average value of the fracture energy and the shear deformation at fracture are 3.2 kJ/m2 and 0.18 mm,
respectively. For the experiments with a constant shear deformation rate, the values of the fracture energy and
shear deformation at fracture are 2.3 kJ/m2 and 0.16 mm, respectively. In both cases, the maximum shear stress
is virtually the same. The diﬀerence in fracture energy is probably due to the diﬀerent shear deformation rates;
with a prescribed deﬂection rate, the rate of shear deformation accelerates during the experiment.
In all experiments the fracture mode is cohesive. Further investigations are necessary to determine the
dependence of the traction–deformation relation on the thickness of the adhesive layer, shear deformation
rate, type of adhesive etc. The results show no speciﬁc variation between the batches of the adhesive.
Monte-Carlo simulations of eﬀects of measurement errors reported by Leﬄer (2005) show that the method
is not sensitive to randomised errors. Moreover, systematic errors in the measurement system and errors in
dimensional data and Young’s modulus of the adherends result in small errors in the constitutive relation.
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